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O ■ Unbounded subnormal weighted shifts on directed trees. II 
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' Piotr Budzyiiski, Zenon Jan Jablonski, II Bong Jung, and Jan Stochel 

, Abstract. Criteria for subnormality of unbounded injective weighted shifts 

on leafless directed trees with one branehing vertex are proposed. The case 
(N- of classical weighted shifts is discussed. The relevance of an inductive limit 

approach to subnormality of weighted shifts on directed trees is revealed. 

• 1. Introduction 

» ■ 

^ ' This paper is concerned witli unbounded subnormal weighted sliifts on directed 

trees (see [11] for basic facts on weighted shifts on directed trees and [5] for the 
Hterature on subnormahty) . The only known general characterizations of subnor- 
mality of unbounded Hilbert space operators are due to Bishop and Foia§ ^4^ jS], 
J> ' and Szafraniec j22j . These characterizations refer to either semispectral measures 

. or elementary spectral measures. They seem to be difficult to apply in the context 

of weighted shifts on directed trees, especially when we want them to be formu- 
lated in terms of weights. The situation is much better when the operators in 
question have invariant domains. For such operators the full characterization of 
. subnormality has been given in |19j (see also [6] for a new simplifying approach). 

' Using this abstract tool, we have invented in [Sj Theorem 5.1.1] a new criterion 

(read: a sufficient condition) for subnormality of weighted shifts on directed trees 
written in terms of consistent systems of probability measures. The main objective 
of the present paper is to develop this idea in the context of directed trees 
which are models of leafless directed trees with one branching vertex (see Section 
U]). The characterizations of subnormality of bounded weighted shifts on given 
in Corollary 6.2.2] (see also [111 Theorem 6.2.1]) have been deduced from the 
celebrated Lambert's theorem (cf. |14| ) which is no longer valid for unbounded op- 
erators (even for weighted shifts on ^oo,k, cf. |12| ). However, as proved in Theorem 
14. 1[ all but one criteria in Corollary 6.2.2] remain valid in the unbounded case. 
The exception is essentially different (cf. Theorem 14. ip . Under the assumption of 
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determinacy, the criteria in Theorem 14.11 become fuh characterizations (see Theo- 
rem ITS]) • An inductive Umit approach to subnormahty is shown to be apphcable 
in the context of weighted shifts on directed trees (see Section [5]) . 

This paper is a sequel to [5], to which we refer readers for more background, 
discussion and references. 

2. Preliminaries 

Let Z and C stand for the sets of integers and complex numbers respectively. 
Denote by R+ the set of all nonnegative real numbers. Set Z+ = {0, 1, 2,3,.. .} 
and N = {1, 2, 3,4,.. .}. We write *B(M+) for the cr-algcbra of aU Borcl subsets of 
M+ and Sq for the Borel probability measure on concentrated at 0. A sequence 
{tn}^=o ^ ^+ is said to be a Stieltjes moment sequence if there exists a positive 
Borel measure ^ on M+ such that t„ = s"d^{s) for every n € Z+, where 
means the integral over such /x is called a representing measure of {injJ^Lo- 
say that a Stieltjes moment sequence is determinate if it has only one representing 
measure. A two-sided sequence {tn}^=-oo ^ ^-i- is said to be a two-sided Stieltjes 
moment sequence if there exists a positive Borel measure ^ on (0, oo) such that 
tn = /^Q s"d/i(s) for every n G Z; such fi is called a representing measure of 
{tn}^=-oo- It follows from m page 202] (sec also [HI Theorem 6.3]) that 

^2 -|^\ {tn}^=^co ^ ^+ is a- two-sided Stieltjes moment sequence if and 
only if {tn-k}^=o is a Stieltjes moment sequence for every A: G Z+. 

We refer the reader to [2l 118] for the foundations of the theory of moment problems. 

Let A be an operator in a complex Hilbcrt space H (all operators consid- 
ered in this paper are linear). Denote by T){A) the domain of A. Set D°°{A) = 
Pl^Q D(^"). A linear subspace £ of T>{A) is said to be a core of A if the graph of A 
is contained in the closure of the graph of the restriction A\£ oi A to £ . A densely 
defined operator S* in "H is said to be subnormal if there exists a complex Hilbert 
space K. and a normal operator N in JC such that H C IC (isometric embedding) 
and Sh = Nh for aU h e T>{S). We refer the reader to [H [23] for background on 
unbounded operators. We write lin for the linear span of a subset T of T-L. 

Let ^ ~ {V, E) be a directed tree {V and E stand for the sets of vertices 
and edges of , respectively). Denote by root the root of 3^ (provided it exists) 
and write Root(,;?') = {root} if ^ has a root and Root(=^) = otherwise. Define 
V° ^V \ Root(^). Set Chi(M) = € V: (u,d) e E} for u €V. k member of 
Chi(u) is called a child of u. Denote by par the partial function from V toV which 
assigns to each vertex u € V° its parent par(u) (i.e. a unique v G V such that 
(w,m) € E). Set Des(u) = \Jn=o{'^ ^ ^ '■ par"(u;) = u} for u€V. Note that the 
terms in the union are pairwise disjoint. We refer the reader to [H 111] for all facts 
about directed trees needed in this paper. 

Denote by t'^{V) the Hilbcrt space of all square summable complex functions on 
V with the inner product (/, g) = X^uev /('")5('")- Fo'" u gV ,wc define S P{V) 
to be the characteristic function of the one-point set {u}. Then {eu\u£V is an 
orthonormal basis of £'^{V). Set Sy = LiN{e„: u G V}. By a weighted shift on ^ 
with weights A = {Xv}vev° ^ C we mean the operator Sx in P{V) defined by 
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where A^r is the mapping defined on functions / : y — >■ C via 
(2.2) {A.^f){v) 



A,„-/(par(v)) if«ey°, 
if w = root . 



Suppose ^ D°°{Sx) and u e V is such tliat Chi(u) 7^ and {\\S^e4^}^^o is 
a Stieltjes moment sequence with a representing measure for every v £ Chi(it). 
Then, following 15] , we say that 5a satisfies the consistency condition at u i\j 



f 1 

(2.3) -d/^.(s)«;i, 
Let us recall the main result of [5]. 

Theorem 2.1 ([H Theorem 5.1.1]). Assume that Sv C D'^{S\) and there exist 
a system {/.t^J-ugy 0/ Borel probability measures on M-|- anc? a system {ev}vev of 
real numberSQ that satisfy the following condition 

(2.4) ^iu{(J)= J ^dfi,{s) + euSoia), a £ »(M+), u e K 

T/ien 5a is subnormal. 

Definition. We say that u & V is a, Stieltjes vertex (with respect to 5a) if 
e„ e I'°°(5a) and {||5^e„|p}^g is a Stieltjes moment sequence. 

In many cases, if each child of u is a Stieltjes vertex, then so is u itself (cf. [5l 
Lemma 4.1.3]). If u is a Stieltjes vertex, then in general its children are not (cf. 
im Example 6.1.6]). However, assuming that u has only one child w and A^, 7^ 0, 
if M is a Stieltjes vertex, then so is w (see [111 Lemma 6.1.5] for the bounded case). 

Lemma 2.2. Let 5a be a weighted shift on S/' with weights A = {}^v\v^v° md 
let u,w £ V be such that Chi(u) = {w}. Suppose u is a Stieltjes vertex and 7^ 0. 
Then w is a Stieltjes vertex and the following two assertions hold: 

(i) the mapping ^^(A) 9 /i — > G ^ti(A) defined by 

- l^-l'^ Jd/i(s)+ (1- lA^l^^ id/i(s))<5o(fT), aeQ3(M+), 
is a bijection with the inverse ^„(A) 3 p ^ fip E ./#^(A) given by 
^p('^) = TT-12 I *dp(s), a e »(]»+), 



1A„,12 

where ^^(A) is the set of all representing measures /i 0/ {||5^eu,|)^}^Q 
such that id/i(s) ^ Jx^' '^^^ -^ui^) is the set of all representing 
measures p of {\\Sleuf}n=.o, 
(ii) if the Stieltjes moment sequence {1155Jeu,]]^}^g is determinate, then so 
^re {||5^„f},T=o ^nd {\\Sl+\ur}^^o- 



^ We adhere to the standard convention that ■ 00 = 0. 

^ Note that l|2.4|l implies that the system {sv^v&v consists of nonnegativc real numbers. 
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Proof. Since e„ e I)°°(5a), Chi(ii) = {w} and ^ 0, we infer from [TTJ 
Proposition 3.1.3] that e^, = j'-S'Aeu S ©""(S'a), and thus 

This and [U Lemma 2.4.1] with ?9 = 1 and t„ = ||S'A^^e„|p complete the proof. □ 

3. Classical weighted shifts 

In this section we focus on classical weighted shifts (see |17l I15j for both the 
bounded and the unbounded cases). As shown in Remark 3.1.4], unilateral 
and bilateral weighted shifts can be regarded as weighted shifts on directed trees 
(Z+, {(n, n + 1) : n € Z+}) and (Z, {(n, n + 1) : n S Z}) respectively. The reader 
should be aware that we enumerate weights of unilateral and bilateral weighted 
shifts in accordance with our notation, i.e., 

(3.1) S\en ~ A„_|-ie„+i, n G Z_(_ (respectively: n G Z). 

Using our approach, we can derive the Berger-Gellar-Wallen criterion for sub- 
normality of injective unilateral weighted shifts (see [9|, 110] for the bounded case 
and |19[ Theorem 4] for the unbounded one). 

Theorem 3.1. If Sx is a unilateral weighted shift with nonzero weights X = 
{Ajij^i (c/. p.ip ). then the following three conditions are equivalent: 

(i) Sx is subnormal, 

(ii) (1, |Aip, IA1A2P, IA1A2A3P, . . .) is a Stieltjes moment sequence, 

(iii) k is a Stieltjes vertex for every k G Z_(_ . 

Proof. It is clear that C D°°{Sx)- 

(i) =>(iii) Employ [5l Proposition 4.1.1]. 

(iii)=>(ii) This is evident, because the sequence (1, |Aip, IA1A2P, IA1A2A3P, . . .) 
coincides with {||S'^eof j^^g. 

(ii) =>(i) Let be a representing measure of the Stieltjes moment sequence 
{||5'a^oIP}5?Lo (which in general may not be determinate, cf. |21j ). Define the 
sequence {MnjJ^o Borel probability measures on K-|_ by 

= wen 112 / *"dM(s), a G 'B(M+), n G Z+. 

It is then clear that 

Mo(^T) = |AiP [ -d^Ll{s)+^lm)8o{a), aG»(M+), 

J a S 

f^n{cr) = |A„+ip / -dnn+i{s), <T G *B(M+), n G N, 

which means that the systems {^nl^o ^^'^ {£n}^=o (m({0})> 0, 0, . . .) satisfy 
the assumptions of Theorem 12.11 This completes the proof. □ 

Now we prove an analogue of the Berger-Gellar-Wallen criterion for subnormal- 
ity of injective bilateral weighted shifts (see O Theorem II. 6. 12] for the bounded 
case and |191 Theorem 5] for the unbounded one). 

Theorem 3.2. // Sx is a bilateral weighted shift with nonzero weights X = 
{A„}„gz [cf p.ip ). then the following four conditions are equivalent: 
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(i) Sx is subnormal, 

(ii) the two-sided sequence {in}^_oo defined by 

|Ai---A„|2 forn^l, 
tn = { I for n = 0, 

• • ■ Aol"^ /or ns^-l, 

is a two-sided Stieltjes moment sequence, 

(iii) —k is a Stieltjes vertex for infinitely many nonnegative integers k, 

(iv) k is a Stieltjes vertex for every k £ Tj. 

Proof. Clearly, C D°"{Sx). 

(i) ^(iv) Employ [S] Proposition 4.1.1]. 
(iv)=^>(iii) Evident. 

(iii) ^(iv) Apply Lemma [221 

(iv) =>(ii) Since t„_fc — t^kHSx^-kW^ for all n e Z and k G 1^+, we can apply 
the characterization (|2.ip . 

(ii) =^(i) Let be a representing measure of {^nlJ^L-oo- Define the two-sided 
sequence {Mra}^-oo of Borel probabihty measures on by (note that ^({0}) = 0) 

^"('^) = lien 112 / a G ^{R+), n G Z. 

We easily verify that 

l^n{<j) = |A,i+lP / -dldn+l{s), cr G *B(M+), 71 G Z, 

which means that the systems {/^njJ^L-oo ^^'^ {^'iln^-oo "^i^h e„ = satisfy the 
assumptions of Theorem 12.11 This completes the proof. □ 



In view of Theorems 13.11 and 13.21 the necessary condition for subnormality of 
general operators given in [Sj Proposition 3.2.1] becomes sufficient in the case of 
injective classical weighted shifts. To the best of our knowledge, the class of injective 
classical weighted shifts seems to be the only oncQ for which this phenomenon occurs 
regardless of whether or not the operators in question have sufficiently many qusi- 
analytic vectors (see j20| for more details; see also [5l Sections 3.2 and 5.3]). 



4. One branching vertex 

Our next aim is to discuss subnormality of weighted shifts with nonzero weights 
on directed trees that have only one branching vertex, i.e., a vertex with at least 
two children. By [Sj Proposition 5.2.1], there is no loss of generality in assuming 
that the directed tree under consideration is countably infinite and leafless. Such 
directed trees are one step more complicated than those involved in the definitions 
of classical weighted shifts (see Section [3]). Countably infinite and leafless directed 
trees with one branching vertex can be modelled as follows (see Figure 1). Given 



Not mentioning symmetric operators which are always subnormal, cf. [T] Appendix 1.2]. 
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ry, K e Z+ U {00} with 77 ^ 2, we define the directed tree =^5^,^ = -Bij.k) bj0 

= {-k:ke J^}u{0}u{ii,j): i e J^, j e N}, 

= U {(0, (z, 1)): z e J4 U {((i,j), (z,j + 1)): z e J^, j G N}, 
= {(-k,-k + l): fee Jk}, 
where {/c £ N: fc ^ t} for t e Z+ U {00}. 




Figure 1 

If K < 00, then the directed tree has the root — k. If k = 00, then ^_oo is 
rootless. In aU cases, is the branching vertex of 

Caution. One of the advantages of considering weighted shifts Sx on J^^^ is 
that eo G 2)°° (5a) if and only if <^v„,^ Q 'D°°(5'a). 

We begin by showing that all but one criteria for subnormality of injective 
weighted shifts on ^ given in Corollary 6.2.2] remain valid in the unbounded 
case. The only exception is condition (iii) in Theorem 14.11 below which is an un- 
bounded variant (essentially different) of condition (ii-b) in Corollary 6.2.2]. 
Below, we adhere to the notation A,;.j instead of a more formal expression 

Theorem 4.1. Let Sx be a weighted shift on S't^^k with nonzero weights X = 
{Xv}vev° ^ such that Cq G T)°°(Sx)- Suppose that there exists a sequence '^f 
Borel probability measures on R+ such that 

(4.1) / s" A^l,{s) = n , n G N, i G J^. 

•^0 ' 1=2 

Then Sx is subnormal provided one 0/ the following four conditions holds: 

(i) K = and 



EIAm|7 I 

^=l S 



(4.2) I -dfi..is)^l, 
(ii) < K < 00 and 

V nOO -I 

(4.3) El^^il'/ -d/i.(s) = l, 

^=l ^ 

(4.4) n^-j| EI^mI' / —<^^i^{s)^l, leJ^^i, 

j=0 i=l "'o s 

I 1 2 ^ /"^ 1 

j=0 i=l "'o ^ 



(4.5) 



The symbol " U " denotes disjoint union of sets. 
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(iii) < K < oo and there exists a Borel probability measure v on R+ such that 



(4.6) 
(4.7) 



K-1 



j=0 1=1 •''^ ^ 



(iv) K = oo and equalities ()4.3p and ()4.4p are satisfied. 

Proof, (i) Define the system of Borel probability measures {^f jtiev,, o M.+ 
and the system {ey}yizv^ g of nonnegative real numbers by 

n . ^ 

Mo(fT) ^J^l-^^'il / -dAiz(s)+eo^o('T), £ *8(M+), 
,-—1 •'f 



and 
(4.8) 



/ii,n(cr) 



d/i,,(s), 



s"-M^,;(s), CT e <B(R+), i e J,,, n e N, 



ei,„ = 0, 2 e J,,, n e N. 

(We write fiij and e^j- instead of the more formal expressions ^(ij) and £(ij)-) 
Clearly i = fXi for all i G J,^ Using (|4.ip and (|4.2p . we verify that the systems 
{fJ.v}vi£V {£v}vi£V well-defined and satisfy the assumptions of Theorem 
12.11 Hence Sx is subnormal. 

(ii) Define the systems {fiy}y^v^ „ and {£v}veVn « t>y (|4.8p and 

(4.9) mo(^) = ^|AmP / -d/..(s), aG<B(M+), 

,--1 "'ff s 



'i=i 



(4.10) fi-iia) 

(4.11) A^_,(a) 

(4.12) e„ 



|2 ' /■ 1 

[| A_J I^^.il' / — ^ G *B(IR+), Z G Jk_i 

rt^-^rEl^^^il' / ^ dM,(,s)+£_«5o(^), aG»(M4 

i=0 1=1 



if«GK,°K, 



n;;oA_, ^tjvp/„°°p^dM.(.) if« = -^. 



Applying (|4TT|) . (|43| . (j^ij) and (|431) . we verify that the systems {Mf}«eK,,» and 
{£v}v£Vn K are well-defined and satisfy the assumptions of Theorem 12. II Therefore 
Sx is subnormal. 

K-l ^ 

nj=K-n -^-j G Jk. Define the systems 



l|2 _ 



(iii) First note that ||S'^e_K 
{lJ.v}v(^Vr,,^ and {£v}v£Vr,,^ by (|4?8l) and 
1 



/"s-'+'=di/(s), ctG«B(M+),Zg J«,U{0}, 

^ cr 
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" \v{{0}) ifv = -K. 

Clearly = i', which together with (|4.ip . ()4.6p and (|4.7p implies that the sys- 
tems {/x„}i,gv^ ^ and {Sv}veVr, ^ satisfy the assumptions of Theorem 12.11 As a 
consequence, Sx is subnormal. 

(iv) Define the system {Hv}vev^.^ by (|4.8p . (|4.9p and (|4.10p . Arguing as in the 
proof of (h), we see that the systems {^^'v}vGV^.^ and {Sv}vgv^.^ with £.„ = satisfy 
the assumptions of Theorem 12. 1[ and so Sx is subnormal. □ 



It turns out that conditions (ii) and (iii) of Theorem 14. II are equivalent without 
assuming that (|4.ip is satisfied. 

Lemma 4.2. Let Sx be a weighted shift on 5^,,^ with nonzero weights A = 
{^v}viev° ^ such that Cq G D°°(5a) and let {A^j liLi be a sequence of Borel probability 
measures on R+. Then conditions (ii) and (iii) of Theorem lA.ll (with the same k) 
are equivalent. 

Proof. (ii)=>(iii) Let {/i-/}JLo be the Borel probability measures on de- 
fined by (gH), (|4lU)) and (|rTT|) with given by (|4T2)) . Set ly = It follows 
from ()4.1ip that for every n ^ J^., 

(4.13) /'s"di.(s) = |nA_/ ^IVP /-^d/i.(s), ae«(K+). 
This immediately implies (|4Jl) . By (|4J|) . (j4?T0| and (|4T3l) . we have 

r in;^oA-,-p 
jj-d.{s) = \mrJ~"^-3 

1 1 11^=0 -^-jf Mo (o-) if n = K, 

for all CT £ *B(R+). Substituting ct = R+ and using the fact that {M-ij^Jo^ are 
probability measures, we obtain ()4.6p . 

(iii)=J>(ii) Given n e J^, we define the positive Borel measure p„ on M_|- by 
p„(cr) = /^s"dz/(s) for cr e «B(R+). By (gill), equality (|4l^ holds for n ^ k. If 
this equality holds for a fixed n £ Jk \ {1}, then Pri({0}) = and consequently 

/ ."-MK.)= /idp„(.)*^|nA-,{ ^ivi^/ Vi) ^^-(^) 

for all a € *B(M+). Hence, by reverse induction on n, (|4.13p holds for all n € Jk,- 
Substituting a = IR+ into and using we obtain and It 

follows from (|4.13p . applied to n = 1, that for every a £ *B(M+), 

(4.14) j.(a) = i.(a \ {0}) + i^({0})<5o(^) = / - dpi(s) + i^({0})Jo(a) 



-/i-(K-n)(CT) ifjieJ^-l, 



S 



l[xf ^|A,,ip / ^d/i,(s) + K{0})<5o(a). 



Substituting a — M+ into (|4.14p and using the fact that i^(M+) = 1. we obtain (|4.5p . 
This completes the proof. □ 
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Under the assumption of detcrminacy, the sufficient conditions for subnormahty 
appearing in Theorem 14. 1 1 become necessary (see also Remark 14.41 below) . 

Theorem 4.3. Let Sx be a subnormal weighted shift on 3^^^ with nonzero 
weights A = {K<}vev° ^- //eg e D°°(5a) and 

V n+l „ 

( > I XT' 2 >| OO 

(4.15) < y II Xi,j > is a determinate Stieltjes moment sequence, 

i=l j=l 

then the following four assertions hold: 

(i) if K = Q, then there exists a sequence {/iij^Li of Borel probability measures 
on M+ that satisfy (|ITT|) and 

(ii) if < K < oo, then there exists a sequence {fJ-i}i^i of Borel probability 
measures on M+ that satisfy ((4T|) . ((43)) . ((44)) anrf ((43)) . 

(iii) if < K < oo, then there exist a sequence {/Ui}iLi of Borel probability 
measures on ]R_|- and a Borel probability measure v on ]R-)_ that satisfy 
grl) . (ITO and (H71) . 

(iv) if K = oo, then there exists a sequence {/ijjlLi of Borel probability mea- 
sures on M+ t/iat satis/?/ ((4T)) . ((13)) and ((43)) . 

Moreover, i/Q X^riLi (X^ILi | 11^=1 ^^ij l^) = H-l^j) is satisfied. 

Proof. It is easily seen that 

I) n+l 

(4.16) ii^r'eof -Ein^^/' 

By O Proposition 4.1.1], for every u e the sequence {||'S'^e„|p}^Q is a Stielt- 
jes moment sequence. For each i ^ J^, we choose a representing measure /i^ of 
{||'5'Aei,if }^=o- It is easily seen that g3|) holds. Since, by ((4T5)) and ((tlef . 
the Stieltjes moment sequence {|!5'A'''^eo|p}^o determinate, we infer from [Sj 
Lemma 4.1.3], applied to m = 0, that ((4.2p holds and {|lS'^eo|p}^o a determi- 
nate Stieltjes moment sequence with the representing measure /io given by 

(4.17) Mo(^^) ^J^l-^^'il / -^^'(*)+^o^"('^)' ^e»(M+), 



where Eq is a nonnegative real number. In view of the above, assertion (i) is proved. 

Suppose < K < oo. Since {H'S'^eolPlJ^Lo is a determinate Stieltjes moment 
sequence, we deduce from Lemma [^31 applied to u = —1, that {||<S'^^^e_i |p}5^Q 
and {\\Sle-if}'^^ g are determinate Stieltjes moment sequences and 

/■°° 1 1 
(4.18) / -d^lo{s)^-—, 



s 



(4.19) /i_i(a) = |AoP / idAio(s) + £-i'5o(fT), a e <B(R+), 

J a S 

where fi-i is the representing measure of {||<S'^e_ip}5^o and e_i is a nonnegative 
real number. Inequality (|4.18p combined with equality ()4.17p implies that Eq = 
and therefore that ((43]) holds for k = 1. Substituting cr = M+ into (|4.17p . we obtain 



Equivalently, by 114.1611 . eo is a quasi-analytic vector of Sx (see |16| for the definition). 
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()4.3|) . This completes the proof of assertion (ii) for k = 1. Note also that equalities 
()4.17p and (|4.19p . combined with £o = 0, yield 

n „ -, 

i=i * 

If K > 1, then arguing by induction, we conclude that for every k Cz Jk the Stieltjes 
moment sequences {||S'^^^e_/;|p}^o {||S'^e_fe|p}J^Q are determinate and 

I ,2 r I 

(4.20) Ai-/(o-) = 

where is the representing measure of {||53Je_/|p}^Q. Substituting a = IR+ 
into (|4.20p . we obtain (|4.4p . This completes the proof of assertion (iv). Finally, 
if 1 < K < oo, then again by Lemma 12.21 now applied to u = —k, we have 

i d^_K+i(s) ^ 1^ "^^^^ inequality together with (|4.20p yields (|4.5p . which 

completes the proof of assertion (ii). 

(iii) can be deduced from (ii) via Lemma 14.21 

To show the "moreover" part, we can argue as in the proof of [Sj Theorem 
5.3.1] (see also Footnote [S]) . This completes the proof. □ 

Remark 4.4. A careful look at the proof reveals that Theorem 14.31 remains 
valid if instead of assuming that Sx is subnormal, we assume that u is a Stieltjes 
vertex for every u € { - k: k £ J^} U {0} U Chi(O). 

Corollary 4.5. Let Sx be a weighted shift on S^r^.n with nonzero weights A = 
{Xy}v^v° ^ such that eo G D°°(Sx)- Suppose that v is a Stieltjes vertex for every 
V € {-k: k e ,/K}Ll{0}UChi(0) and that {||S'^'''^eo|p}$^Lo « determinate Stieltjes 
moment sequence. Then the following three assertions hold: 

(i) Sx is subnormal, 

(ii) {||S'^'*' e_j|p}^Q is a determinate Stieltjes moment sequence for every 
integer j such that ^ j ^ k, 

(iii) Sx satisfies the consistency condition (j2.3|l at the vertex u = — j for every 
integer j such that ^ j ^ k. 

Proof, (i) In view of Remark 14.41 there exists a sequence of Borel 

probability measures on K.-(- satisfying ()4.ip and one of the conditions (i), (ii) and 
(iv) of Theorem 14. II Hence, by Theorem 14. 11 Sx is subnormal. 

(ii) See the proof of Theorem 14.31 

(iii) Apply (ii) and |5l Lemma 4.1.3 (ii)]. □ 

Remark 4.6. Note that the consistency condition p.3p at a vertex u depends 
on the choice of the system {fJ.v}v£Ch\(u} of representing measures of Stieltjes 
moment sequences {H^JJeupl^g. However, by [5] Lemma 4.1.3], if the Stieltjes 
moment sequence {||»S'^^^eu|p}^Q is determinate, then the consistency condition 
()2.3p at u is independent of the choice of {/iu}ugchi(u)i i-^-, it is satisfied for ev- 
ery system {^•u}„gchi(«) of representing measures of Stieltjes moment sequences 
{||S'^e„|p}^g. This and assertion (ii) of CoroUarv 14.51 iustifv not mentioning ex- 
plicitly representing measures in assertion (iii) of this corollary. 
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5. Subnormality via subtrees 

Proposition 15.21 below shows that the study of subnormahty of weighted shifts 
on rootless directed trees can be reduced, in a sense, to the case of directed trees 
with root. Theorem 12. 1[ which is our main criterion for subnormality of weighted 
shifts on directed trees, seems to be inapplicable in this context. However, we can 
employ an inductive limit approach. 

Theorem 5.1. Let S be a densely defined operator in a complex Hilbert space 
Ji. Suppose that there are a family {'Huj}uji£n of closed linear subspaces of Ti and 
an upward directed family {Xi^}uji£n of subsets ofTi such that 

(i) C D°°{S) and S"" C H„ for all n e Z+ and u e fl, 

(ii) := LIN S'"(A't^) is dense in H.^ for every uj ^ Q, 

(iii) S\j^^ is a subnormal operator in Ti^ for every u & f2, 

(iv) F ■= LiNUr=o'S'"(Ua;Gr2'^-') « core ofS. 
Then S is subnormal. 

Proof. The families {J-ui}ujeo and {H^jjuien are upward directed, C 
Tuj for all w G i7, = IJtjgi? -^^^ ^^'^ ^i-^) ^ J'- Hence, we can argue as in the 
proof of m Theorem 3.1.1] by using [1 Theorem 21]. □ 

Let Sx be a weighted shift on a directed tree ^ with weights A = {^v}vev°- 
Note that ii u € V, then the space ^^(Des(M)) (which is regarded as a closed linear 
subspace of ^^(y)) is invariant for Sx, i.e., 

(5.1) SxiTiiSx) n e^{Des{u))) C e^{Des{u)). 

(For this, apply ((^ and the inclusion par \ (Des(u) U Root(^))) C y\Des(u).) 
Denote by Sx\e'^(Des(u)) the operator in £'^{De5{u)) given by D{Sx\e^{Des(u))) = 
T){Sx) n£2(Des(u)) and Sx\t2(^Des{u))f = Sxf for / € T>{Sx\mD^s{u)))- It is easily 
seen that Sx\i2(Des{u)) coincides with the weighted shift on the rooted directed tree 
(Des(u), (Des(u) x Des(M)) CiE) with weights {A.i,}„gDes(«)\{u} (see [111 Proposition 
2.1.8] for more details on this and related subtrees). 

We arc now ready to apply the aforementioned inductive limit procedure to 
prove the unbounded counterpart of [ill Corollary 6.1.4]. 

Proposition 5.2. Let Sx be a weighted shift on a rootless directed tree with 
weights A = {)^v}vev°- Suppose that Sy C D°°(Sx). If fl is a subset of V such 
that V ~ Ucjen Des(ci;), then the following conditions are equivalent: 

(i) Sx is subnormal, 

(ii) for every uj Cz f2, Sx\i2(Des{uj)) subnormal as an operator acting in 
£2(Des(w)). 

Proof. (ii)=>(i) Using an induction argument and (|5.1|) one can show that 
S'^eu e i'^{Des{v)) C i'^{Des{u)) for all n G Z+, w e Des(u) and ueV. Hence 

:= LIN {e^:ve Des(w)} C V°°{Sx) and Sl{X^) C f{Des{uj)) 

for all w G i7 and n G Z+. It follows from |111 Proposition 2.1.4] and the equality 
V = [J^fzQ Des(a;) that for each pair (wi,a;2) G J7 x 12, there exists u G such that 
Des(a;i) U Des(a;2) C Des(w), and thus {X^}^^f2 is an upward directed family of 
subsets of £'^{V). By applying |1H Proposition 3.1.3] and Theorem 15.11 to S = Sx 
and Huj = ^^(Des(w)), we deduce that Sx is subnormal. 

The reverse implication (i)=>(ii) is obvious because C T){Sx\e2{Des{uj)))- ^ 
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It follows from IIH Proposition 2.1.6] that if 5^ is a rootless directed tree, then 
V = Ufe^i Des(par''(it)) for every u ^ V, and so the set f2 in Proposition 15.21 may 
always be chosen to be countably infinite. 

Acknowledgements. A substantial part of this paper was written while the 
second and the fourth authors visited Kyungpook National University during the 
autumn of 2010 and the spring of 2011. They wish to thank the faculty and the 
administration of this unit for their warm hospitality. 

References 

[1] N. I. Akhiczer, I. M. Glazman, Theory of linear operators in Hilbert space, Vol. II, Dover 

Publications, Inc., New York, 1993. 
[2] C. Berg, J. P. R. Christensen, P. Ressel, Harmonic Analysis on Semigroups, Springer, Berlin, 

1984. 

[3] M. Sh. Birman, M. Z. Solomjak, Spectral theory of selfadjoint operators in Hilbert space, D. 

Reidel Publishing Co., Dordrecht, 1987. 
[4] E. Bishop, Spectral theory for operators on a Banach space. Trans. Amer. Math. Soc. 86 

(1957), 414-445. 

[5] P. Budzynski, Z. J. Jablonski, I. B. Jung, J. Stochel, Unbounded subnormal weighted shifts 

on directed trees, submitted. 
[6] D. Cichon, J. Stochel, F. H. Szafraniec, Extending positive definiteness. Trans. Amer. Math. 

Soc. 363 (2011), 545-577. 
[7] J. B. Conway, The theory of subnormal operators, Mathematical Surveys and Monographs, 

Providence, Rhode Island, 1991. 
[8] C. Foia§, Decompositions en operateurs et vecteurs propres. I., Etudes de ces decompositions 

et leurs rapports avec les prolongements des operateurs. Rev. Roumaine Math. Pures Appl. 

7 (1962), 241-282. 

[9] R. Cellar, L. J. Wallen, Subnormal weighted shifts and the Halmos-Bram criterion, Proc. 
Japan Acad. 46 (1970), 375-378. 

[10] P. R. Halmos, Ten problems in Hilbert space, Bull. Amer. Math. Soc. 76 (1970), 887-933. 

[11] Z. J. Jablonski, I. B. Jung, J. Stochel, Weighted shifts on directed trees, Mem. Amer. Math. 
Soc. 216 (2012), no. 1017, viii-|-107pp. 

[12] Z. J. Jablonski, I. B. Jung, J. Stochel, A non-hyponormal operator generating Sticltjcs mo- 
ment sequences, to appear in J. Funct. Anal. 

[13] W. B. Jones, W. J. Thron, H. Waadeland, A strong Sticltjcs moment problem. Trans. Amer. 
Math. Soc. 261 (1980), 503-528. 

[14] A. Lambert, Subnormality and weighted shifts, J. London Math. Soc. 14 (1976), 476-480. 

[15] W. Mlak, The Schrodinger type couples related to weighted shifts, Univ. lagel. Acta Math. 
27 (1988), 297-301. 

[16] A. E. Nussbaum, Quasi-analytic vectors. Ark. Mat. 6 (1965), 179-191. 

[17] A. L. Shields, Weighted shift operators and analytic function theory, Topics in operator 

theory, pp. 49-128. Math. Surveys, No. 13, Amer. Math. Soc, Providence, R.I., 1974. 
[18] B. Simon, The classical moment problem as a self-adjoint finite difference operator. Adv. 

Math. 137 (1998), 82-203. 
[19] J. Stochel and F. H. Szafraniec, On normal extensions of unbounded operators. II, Acta Sci. 

Math. {Szeged) 53 (1989), 153-177. 
[20] J. Stochel, F. H. Szafraniec, A few assorted questions about unbounded subnormal operators, 

Univ. lagel. Acta Math. 28 (1991), 163-170. 
[21] F. H. Szafraniec, A RKHS of entire functions and its multiplication operator. An explicit 

example, Linear operators in function spaces (Timi§oara, 1988), 309-312, Oper. Theory Adv. 

Appl., 43, Birkhauser, Basel, 1990. 
[22] F. H. Szafraniec, Sesquilinear selection of elementary spectral measures and subnormality. 

Elementary operators and applications (Blaubeuren, 1991), 243-248, World Sci. Publ., River 

Edge, NJ, 1992. 

[23] J. Weidmann, Linear operators in Hilbert spaces. Springer- Verlag, Berlin, Heidelberg, New 
York, 1980. 



UNBOUNDED SUBNORMAL WEIGHTED SHIFTS ON DIRECTED TREES. II 13 

Katedra Zastosowan Matematyki, Uniwersytet Rolniczy w Krakowie, ul. Balicka 
253c, PL-30198 Krakow 

E-mail address: piotr.budzynskiOur. krakow.pl 

Instytut Matematyki, Uniwersytet .Jagiellonski, ul. Lojasiewicza 6, PL-30348 Kra- 
kow, Poland 

E-mail address: Zenon.JablonskiOim.uj.edu.pl 

Department of Mathematics, Kyunc;pook National University, Daegu 702-701, Ko- 
rea 

E-mail address: ibjung@knu.ac.kr 

Instytut Matematyki, Uniwersytet Jagiellonski, ul. Lojasiewicza 6, PL-30348 Kra- 
kow, Poland 

E-mail address: Jan.StochelOim.uj.edu.pl 



